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FORORD

Denna forstudie behandlar potentialen i en ny metod for brottsannolikhetsberdkning,
kallad Accelerated Weight Histogram method. Forskningen har utforts som ett samver-
kansprojekt mellan KTH Jord- och bergmekanik, KTH Fysik och Itasca. Forskningen
har bedrivits inom det BeFo-finansierade projektet Effektiva simuleringar av brott-
sannolikhet — etapp 1: forstudie. Arbetet har pagatt under 2020-2023.

Arbetet med forstudien har stottats av John Leander (KTH) och Marie Westberg Wilde
(AFRY / KTH), samt en referensgrupp, som forfattarna och BeFo riktar ett sérskilt tack
till. Foljande personer medverkade i referensgruppen: Miriam Zetterlund (Tyréns),
Alexandra Krounis (Sweco), Tobias Gasch (COMSOL), Eleni Gerolymatou (Chalmers),
Hékan Stille (KTH), Lars Olsson (Geostatistik) och William Bjureland/Patrik Vidstrand
(BeFo).

Stockholm,

Patrik Vidstrand






PREFACE

This pre-study investigates the potential of a new method for reliability-based design,
called the Accelerated Weight Histogram method. The research was conducted as a
collaboration between KTH Soil and Rock Mechanics, KTH Physics, and Itasca, within
the project Efficient simulation of failure probabilities: Part 1: pre-study during 2020—
2023.

The research was supported by John Leander (KTH) and Marie Westberg Wilde (AFRY
/ KTH), as well as a reference group. Their support is gratefully acknowledged. The
reference group consisted of Miriam Zetterlund (Tyréns), Alexandra Krounis (Sweco),
Tobias Gasch (COMSOL), Eleni Gerolymatou (Chalmers), Hakan Stille (KTH), Lars
Olsson (Geostatistik) and William Bjureland/Patrik Vidstrand (BeFo).

Stockholm,
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SAMMANFATTNING

Vid dimensionering av undermarksanldggningar i berg behdver man hantera stora
osédkerheter, eftersom man normalt inte har ekonomisk eller praktisk mdjlighet att skaffa
sig detaljerad kunskap om bergets egenskaper och spanningstillstand. Ett sdtt att
stringent beakta dessa osdkerheter i dimensioneringen ar att anvénda sig av sannolik-
hetsbaserade metoder, déir osdkerheten modelleras som stokastiska variabler. Det m&j-
liggor en berdkning av konstruktionens brottsannolikhet. Det finns dock i dagsldget ett
behov av dels effektivare berdkningsmetoder for brottsannolikhet, dels en tydligare defi-
nition av brott i konstruktion hos en undermarksanlidggning. Denna forstudie introdu-
cerar en ny Monte Carlo-baserad simuleringsmetod for berdkning av brottsannolikhet,
pa engelska benamnd Accelerated Weight Histogram method (AWH-metoden). Rap-
porten undersoker dess anvéndbarhet pa olika typer av gréinstillstand och ger dessutom
ett mer detaljerat berdkningsexempel pa dess tillimpning vid dimensionering av tunnel-
forstiarkning. For detta berdkningsexempel introduceras en ny definition av brott i en
tunnelkonstruktion, som &r tinkt att avspegla tunnelkollaps i form av ett globalt barig-
hetsbrott. Béarighetsproblemet analyseras i en tunnelmodell i programvaran FLAC3D.
Fordelen med att definiera brott som ett globalt barighetsbrott &r att den berdknade
brottsannolikheten kan jamforas mot den tillatna brottsannolikhet for konstruktioner
som anges i standarder sdsom Eurokoderna.

Resultatet av utforda analyser visar att AWH-metoden for de undersokta grins-
tillstanden presterar jambordigt till béttre &n delméngdssimulering (subset simulation),
vilket &r en relativt ny metod med liknande anvindningsomrade. Avseende model-
leringen av bergmassans beteende finns ett behov av att studera hur ingdende parametrar
kan beskrivas som sannolikhetsfordelningar. Forstudien visar att AWH-metoden kan bli
ett anvéndbart verktyg bland de sannolikhetsbaserade berdkningsmetoderna, men att det
finns ett storre antal detaljer som kan finslipas. Exempelvis ar berdkningstiden {6 néar-
varande ett praktiskt problem, vars mojliga 16sning dock diskuteras i rapporten. Utdver
det behovs dven praktiska rekommendationer for anvandaren.

Nyckelord: Sannolikhetsbaserad dimensionering, tunnel, AWH-metoden, brottsanno-
likhet
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SUMMARY

Design of underground facilities in rock implies management of large uncertainty, as
there usually is not economically or practically feasible to collect detailed knowledge
about the properties and stress conditions of the rock mass. One way to stringently con-
sider these uncertainties in design is to apply reliability-based methods, in which the
uncertainties are modelled as stochastic variables. This facilitates the calculation of the
probability of structural failure. There is however currently a need for more efficient
calculation or simulation methods to assess failure probabilities, as well as for a clearer
definition of failure of a tunnel structure. This pre-study introduces a novel Monte-
Carlo-based simulation method for assessment of failure probabilities, called the Accel-
erated Weight Histogram (AWH) method. Its applicability to a number of different
types of limit states is investigated, including a tunnel design problem. In the latter case,
a novel definition of structural failure of the tunnel was used, which describes failure as
a global instability problem. The instability problem is analysed in the software
FLAC3D. The advantage of this failure definition is that the calculated failure probabil-
ity straightforwardly can be compared against established target failure probabilities
stated in design codes such as the Eurocodes.

The result of the performed analyses shows that the AWH method for the analysed limit
state performs equally well to better, compared to subset simulation, which is a rela-
tively new method used for similar assessments. Concerning the modelling of the rock
mass behaviour, there is a need to study how to describe the affecting parameters as
probability density functions. The study indicates that the AWH method can become a
useful tool among the reliability-based simulation methods, although there are still con-
siderable amounts of details that can be improved upon in future studies. For example,
the simulation time is a practical problem, the potential solution of which however is
discussed in the report. In addition, there is a need to provide practical recommen-
dations for the user.

Keywords: Reliability-based design, tunnel, AWH method, probability of failure
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1 INLEDNING

1.1 Problemstillning

Bergbyggande karaktiriseras av att stora osdkerheter kring bergets egenskaper behover
hanteras nér anlaggningen ska dimensioneras. Osédkerheterna ror till stor del en brist pa
kunskap om bergets faktiska egenskaper, eftersom det 1 forvég ofta ar svart att utfora
noggranna undersokningar langt in i bergmassan. Tva tekniskt utmanande situationer
som kan uppsta vid bergbyggande &r dels ytligt beldgna tunnlar med stor spannvidd
(relativt bergtackningen), dels passage av svagt berg pa litet eller stort djup. Bagge
problemen stéller krav pé valet av analysmetod vid dimensionering. Vidare erfordras att
man kan ge gransen for acceptabelt beteende en relevant definition, exempelvis kollaps
eller otillricklig brukbarhet, samt att en tillrdcklig sikerhetsmarginal mot detta grins-
tillstdnd kan uppnas.

Traditionellt sett har man anvént deterministiska sdkerhetsfaktorer for att ge konstrukt-
ionen tillrackliga sdkerhetsmarginaler. I en sddan analys beskrivs varje relevant berg-
mekanisk parameter endast med ett enskilt virde: ett medelvérde eller ett pa annat sétt
karaktéristiskt vdrde. Principiellt kan en sddan sdkerhetsfaktor, SF, som baseras pa
medelvirden, for ett gréinstillstdnd beskrivas som:

HR

SF =M_SZSFkrav: 1

dér ugr betecknar medelvérdet pa den totala kapaciteten hos konstruktionen i analyserad
brottmod, och pg medelvérdet pa den totala lasten i brottmoden. Bada riknas fram fran
underliggande bergmekaniska parametrarnas medelvirden. Den berdknade SF ska vara
minst lika stor som SFiny, vars varde normalt faststills av behdrig myndighet eller i
branschriktlinjer.

En sddan deterministisk analys utgar endast fran medelvérden eller annat karaktaristiskt
virde som aktuell dimensioneringsstandard angett (exempelvis en 5%-fraktil). Darmed
saknas mojlighet att stringent beakta radande niva pa osékerheten for olika bergmeka-
niska parametrar. En deterministisk sikerhetsfaktor blir séledes ett trubbigt verktyg nir
man efterstravar en verifiering av att konstruktionen har tillrdckligt 1&g sannolikhet tor
kollaps, eller annat odnskat beteende sdsom otillrdcklig brukbarhet. Det beror pa att tva
dimensioneringslosningar med olika stor osdkerhet kring bergets egenskaper dnda kan
fa samma berdknade siakerhetsfaktor om medelvérdena ar desamma. Inom forskningen
pé dimensioneringsprinciper har man dérfér kommit att anse att sannolikheten for det



oonskade beteendet dr ett battre matt pa hur riskfylld konstruktionen &r, &n den deter-
ministiska sdkerhetsfaktorn dr. Det kan dock noteras att en deterministisk sidkerhets-
faktor kan ge sékerhetsmarginal at andra typer av osdkerheter sésom ménskliga fel
(Doorn & Hansson, 2011). Forskningen om konstruktioners sékerhet har &nda under de
senaste 50 aren gatt mot sannolikhetsbaserade principer och utvecklat mer eller mindre
avancerade och precisa sannolikhetsbaserade dimensioneringsmetoder. Att undersoka
hur man kan dimensionera tunnlar for olika bergmekaniska problem med sannolikhets-
baserade metoder adr darfor intressant ur bade vetenskaplig och praktisk synvinkel, sér-
skilt for de tva sdrskilt utmanande forutsdttningarna som ndmndes ovan: den vida, ytliga
tunneln och den ytligt eller djupt liggande tunneln i svagt berg. Detta eftersom avance-
rade — noggranna — berdkningar dr mest relevanta nir man stills infor de svéraste forut-
séttningarna.

Forskningen om sannolikhetsbaserad dimensionering borjade i mitten av 1900-talet.
Bland tidiga pionjérer finns dven svenska forskare (Kjellman & Wistlund, 1940).
Forskningen kom sedan igédng ordentligt pa 1960- och 1970-talet och da inom stal- och
betongbyggnad (se t.ex. Cornell, 1969). Nagra viktiga koncept som utvecklades var
beskrivningen av ingenjorsproblemet som en sé kallad gransfunktion, G(X), ddr odnskat
beteende (brott i konstruktionen™) definierades som att funktionen fér utfallet

G(X) <0. Vektorn X = [X1, X2, ..., Xn] innehdller hir alla osédkra parametrar i berdk-
ningen beskrivna som stokastiska variabler. Exempelvis kan bergmekaniska egenskaper
beskrivas som normalfordelningar eller lognormalfordelningar. Den sannolikhets-
baserade motsvarigheten till den deterministiska verifieringen i ekv. (1) kan da uttryckas
som att den berdknade brottsannolikheten pg blir:

pr = P[G(X) < 0], )

vilken ska vara mindre &n eller lika med den tilldtna brottsannoliketen pg kray. Enklast
mojliga gransfunktion dr G (X) = R — S, dér R &r en stokastisk variabel som beskriver
mothallet och S ér en stokastisk variabel som beskriver lasten. Ekv. (2) beskriver da
sannolikheten att den osékra lasten S dr storre &n det osékra mothallet R for konstruk-
tionen, vilket illustreras i Figur 1.

I det generella fallet med ménga osékra parametrar i vektorn X = [X4, X5, ..., X;,] kan
ekv. (2) formuleras som en multidimensionell integral:

pe= PIG(X) < 0] = f f 00 3
G <0



dar fx(x) ar den multivariata tithetsfunktionen for de beaktade stokastiska variablerna.
Notera att integralens domén ges av brotthéndelsen F = {G(X) < 0}, alltsé det av
gransfunktionen avskurna omréadet for brott i Figur 1.
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Figur 1. Definitionen av brottsannolikhet.

En beréknad brottsannolikhet pp jimf6rs sedan med en tillaten brottsannolikhet, pg r,
vilken normalt faststélls av behorig myndighet, exempelvis som en del i en utgiven
dimensioneringsstandard. Eurokoderna &r ett exempel pa en sadan standard och dér
anges tillatna brottsannolikheter pa konstruktioner i storleksordningen 107 till 107,
beroende pa vilka konsekvenser som uppkommer i hindelse av brott (CEN, 2002).

For att astadkomma en tillrackligt lag brottsannolikhet hos den dimensionerade kon-
struktionen har olika strategier utvecklats. De kan kategoriseras i:

e semi-probabilistiska metoder,



e analytiska metoder, och
e numeriska simuleringsmetoder.

Alla metoder har sina for- och nackdelar, vilka diskuteras kortfattat i det f6ljande. For
anvindaren géller det att vélja ritt metod till rdtt problem, sa att den berdknade brott-
sannolikheten blir tillrdckligt noggrann utan att berdkningen tar for lang tid.

Till de semi-probabilistiska metoderna hor partialkoefficientmetoden, som finns i nagra
olika varianter. Partialkoefficientmetoden anvinds mycket inom betong- och stal-
byggnad och fungerar dir tdmligen vil. Det dr exempelvis den metod som rekommen-
deras som forstahandsalternativ i Eurokoderna (CEN, 2002) for dimensionering av
byggnadsverk i allmdnhet. Den anvinds dven for dimensionering av geotekniska kon-
struktioner i jord i Eurokod 7 (CEN, 2004), d&ven om dér finns en del teoretiska utma-
ningar framfor allt for samverkanskonstruktioner. Den anvénds dock inte inom berg-
byggande. Den begransade forskning som finns indikerar att nimnda teoretiska utma-
ningar finns dven inom bergbyggande, och att de eventuellt ar betydligt storre dér, se
exempelvis Johansson et al. (2016).

De analytiska metoderna blir ofta approximativa, utom for vissa enkla gransfunktioner.
Om gréansfunktionen &r tidskrdvande att utvdardera, exempelvis for att den beror av en
numerisk modell (t.ex. FEM), kan griansfunktionen approximeras som en surrogat-
modell (responsyta) med hjdlp av en optimeringsalgoritm (Myers et al. 2009). Brott-
sannolikheten for den approximerade gransfunktionen kan sedan 16sas med en analytisk
metod. Ett enkelt exempel ges av Damasceno et al. (2020), som visar hur en surrogat-
modell kan anvindas tillsammans med den analytiska metoden FORM, for att berékna
brottsannolikheten for upplyftning av bergmassan ovanfor ett trycksatt underjordiskt
gaslager.

De numeriska simuleringsmetoderna &r vanligtvis utvecklade fran vanlig Monte Carlo-
simulering, i vilken man genererar ett stort antal slumptal fran de stokastiska variablerna
i X och undersoker i hur stor andel av fallen som gransfunktionen tar virden G (X) < 0.
I vanlig Monte Carlo-simulering krdver detta normalt ett extremt stort antal utvérde-
ringar av griansfunktionen, eftersom en brottsannolikhet pa sig 10° =1/ 100 000 bok-
stavligen innebdr att sannolikheten att uppfylla G (X) < 0 i genomsnitt bara sker i en av
hundratusen berékningar. Darfor har man utvecklat olika strategier for att effektivisera
Monte Carlo-metoden, bade inom forskning om konstruktioners sikerhet, men dven
inom andra forskningsfélt dir man behdver simulera sannolikheter. Ett exempel pa en
sadan mer avancerad Monte Carlo-metod dr delmingdssimulering (eng: subset simu-
lation), vars mdjliga anvdndning inom bergbyggnad visats i Damasceno et al. (2019)
och Spross et al. (2022).



I denna forstudie har vi himtat inspiration fran statistisk fysik, dér Lidmar (2012) ut-
vecklade en ny Monte Carlo-metod, som han pa engelska kallar Accelerated Weight
Histogram method, fortséttningsvis bendamnd AWH-metoden. Metoden koncentrerar
berdkningarna adaptivt till de intressanta parameteromradena, vilket for tidigare under-
sokta tillimpningar i statistisk fysik och biofysik drastiskt minskat berdkningsbordan.
Eftersom AWH-metoden utvecklades for att simulera sannolikheten for ovanliga hédn-
delser, finns en potential for att anvinda denna metod dven for berdkningar av brott-
sannolikhet.

Johansson et al. (2016) ger en omfattande litteraturstudie av anvindningen av sannolik-
hetsbaserade dimensioneringsmetoder inom bergbyggande, sa omradets historiska ut-
veckling aterupprepas inte hér. En viktig forutséttning for tillforlitlig anvandning av
sannolikhetsbaserade analyser inom bergbyggande dr dock fortfarande olost: hur ska
brott i en bergmassa definieras, d.v.s. hur ska gransfunktionen stillas upp? Ur ett kon-
ceptuellt perspektiv vore det dnskviart om gransfunktionen beskrev ett tydligt observer-
bart brott-tillstand — exempelvis tunnelkollaps — men detta beteende &r inte helt enkelt
att fanga och kvantifiera i en numerisk modell. Alternativa brottgrianser har darfor fore-
slagits och anvénts i tidigare forskning, exempelvis olika kriterier for en tillaten t6jning
eller deformation (se t.ex. Stille et al. 2005; Zhang & Goh, 2012; Bjureland et al. 2017).
For dessa olika sitt att definiera brottgransen blir det dock en pataglig skillnad i hur all-
varligt ett uppnatt gréanstillstdnd ar for konstruktionen, vilket gor att de olika brottgréns-
definitionerna rimligen ska associeras med olika tillitna pg .,y Att hitta tydliga och
lattanvanda definitioner av brottgransen i en bergmassa ér en forutsittning for att moj-
liggora praktisk anviandning av sannolikhetsbaserad dimensionering inom berg-
byggande, eftersom den tilldtna pg 4y kan behdva ges olika virden beroende pé hur
brottgriansen definierats.

1.2 Studiens syfte och omfattning

Syftet med denna forstudie &r att undersoka AWH-metodens funktionalitet for berdk-
ningar av konstruktioners brottsannolikhet och jamfora den med andra befintliga meto-
der. Studien undersoker dels metodens funktionalitet pa nagra principiellt olika gréns-
funktioner ur ett teoretiskt perspektiv, dels hur metoden presterar i ett praktiskt berg-
mekaniskt berdkningsexempel, ddr vi berdknar brottsannolikheten for en tunnel vars
beteende beskrivs av en numerisk modell i FLAC3D. For det praktiska exemplet visar
vi dven ett forslag pa hur brott i en bergmassa kan beskrivas nir man anvinder en nume-
risk modell.



1.3 Studiens utféorande och rapportens upplagg

Studien borjade med att anpassa den generella algoritmen for AWH-metoden till att
berékna just brottsannolikheter. Dérefter skedde ett forbéttringsarbete pa algoritmen, for
att forsoka minska antalet utvarderingar av gransfunktionen men dndé bibehalla tillrdck-
lig noggrannhet. Detta i syfte att hdlla nere berékningstiden, vilket dr sérskilt patagligt
niar AWH-metoden kombineras med numeriska modeller. Detta beskrivs i kapitel 2.

Parallellt med utvecklingen av AWH-metoden utfordes dven ett arbete for att pa ett ratt-
visande sitt definiera brottbeteende i en bergmassa som beskrivs av en numerisk
modell. Detta beskrivs i kapitel 3.

Kapitel 4 ger en sammanfattning av de tva vetenskapliga artiklar som i detalj redogor
for AWH-metoden och dess mojliga tillimpning pa brottsannolikhetsberdkningar.
Artikel A dr en konferensartikel som jamfor AWH-metoden med delméngdssimulering
for brottsannolikhetsberdkningar med négra teoretiska gransfunktioner. Artikel B ér en
tidskriftsartikel dér vi vidareutvecklar AWH-metoden for att kunna berdkna brottsanno-
likheten for tunnelstabilitet. Kapitel 5 diskuterar hur AWH-metoden presterade i de
undersdkta fallen, vilket f6ljs av slutsatser och rekommendationer for fortsatt forskning
i kapitel 6.

1.4 Avgransningar

I denna forstudie har vi funnit det 1ampligt att i forsta hand analysera det &r det princi-
piella beteendet for AWH-metoden. Darfor har ett numeriskt “enkelt” berdknings-
exempel anvénts, dér berget kan analyseras som ett kontinuum, utan explicit represen-
tation av sprickor. Tunnlar som passerar partier med berg av dalig kvalité anses repre-
sentativa for det numeriska berdkningsexempel som valts ut. Forutsittningarna for att
anvinda AWH-metoden tillsammans med mer komplexa numeriska modeller diskuteras
dock i kapitel 5.



2 AWH-METODEN

2.1 Bakgrund

Intresset for att simulera komplexa probabilistiska fysikaliska eller statistiska modeller
har vuxit enormt under de senaste decennierna, och en uppsjo av olika varianter pa
Monte Carlo metoder har utvecklats. I detta ssmmanhang utvecklades AWH-metoden
(Lidmar, 2012) for att forbattra samplingen i system med komplicerade energilandskap,
till exempel oordnade magnetiska material (spinglasmodeller) och for att rikna ut fria
energier for olika tillstaind. Metoden har sedan dess framgangsrikt anpassats for biofysi-
kaliska tillimpningar i kombination med atomistiska molekyldynamik-simuleringar, till
exempel av proteiner och andra biopolymerer. Gemensamt for dessa problem é&r att det
ofta finns manga metastabila tillstdnd separerade av hoga energibarridrer som har 1ag
sannolikhet att korsas. For att effektivt kunna sampla dessa séllsynta dvergangar modi-
fierar vi i AWH-metoden denna sannolikhet adaptivt under simuleringens géng sa att de
intraffar tillrackligt ofta.

Vid berdkning av konstruktioners brottsannolikhet &dr vi pa samma sitt ute efter att
simulera séllsynta hdndelser, och just berdkningen av brottssannolikheter har manga
likheter med fria energiberdkningar i statistisk fysik. I det senare fallet &r de mikrosko-
piska tillstanden fordelade enligt en Boltzmannfordelning

exp(—E(x)/kgT) (4)

P(x) = 7

dar E (x) ar energin, kg &r Boltzmanns konstant, T dr temperaturen och Z &r en norme-
ringskonstant. Precis som i flera andra avancerade metoder for att berdkna brottsanno-
likhet bygger AWH-metodens Monte Carlo-simulering pé sa kallade Markovkedjor. For
att simulera den statistiska modellen med Markovkedjor behdver man i regel inte kénna
till normeringskonstanten Z, men den &r av stort fysikaliskt intresse da den ar direkt
relaterad till den sé kallade fria energin' via F = —kzTIn Z. Analogt med detta giller
att fordelningen av parametrar x som ger upphov till brott i ett mekanistiskt problem
(alltsa att de ligger i brottregionen F i Figur 1),

P(Fl)fx(x) 1(x € F)fy(x) (5)
P(F) P

P(x|F) =

! Helmholtz fria energi ges as F = U — TS dir U ir (inre) energin, T temperaturen och S entropin.
Skillnaden i fri energi mellan tva jamviktstillstind ger en undre grins for hur stort arbete som krivs for att
istadkomma en transformation mellan dessa (eller en Gvre grins for hur mycket som kan utvinnas).



har brottssannolikheten P(F) som okidnd normeringskonstant. 1(-) betecknar hér indi-
katorfunktionen som #r lika med 1 om argumentet #r sant, annars 0. Aven inom Bayesi-
ansk statistik dr man ofta intresserad av normeringskonstanterna eftersom de mdjliggor
validering och jamforelse av olika statistiska modeller. Ekvation (5) paminner i sin upp-
stdllning faktiskt om Bayes teorem, vilket gor att man moéts av liknande svarigheter vid
berdkning.

2.2 Kort om AWH-metoden

Normeringskonstanter ar typiskt besvérliga att berdkna och de flesta simulerings-
baserade metoder (inklusive AWH) kan bara uppskatta kvoter mellan normerings-
konstanter for olika parametrar. For att berdkna absoluta virden behdver vi darfor ett
exakt referensfall att anvénda for att “brygga” dver simuleringen till det verkliga fallet
vi dr intresserade av. | AWH gors detta genom att introducera en hel familj av fordel-
ningar P(x|Ay), for olika parameterviarden A, A4, ..., Ay, som interpolerar mellan
referensfordelningen i ena dndan och malfordelningen i den andra. I fall dé brott kan
definieras via en kontinuerlig gransfunktion G (x), ar det praktiskt att vélja familjen

1(6(x) <A fx(x) (6)

POl = =25

dar vi nu istéllet for den verkliga brotthandelsen F = {G(X) < 0} i ekv. (5) far beakta
den hindelsen Fj, = {G(X) < Ay}, som dr troligare att intrdffa eftersom A tar virden
mellan noll och odndligheten: 0 = 45 < 4; < -+ < Ay = o0. Vi fér alltsd en sekvens av
mer och mer sannolika brott definierade av Fj.

I andra fall, exempelvis om brottvillkoret bara sdger om brott intréffar eller ej istdllet for
att ge G(x) ett explicit vérde, kan det vara lampligare att vilja

1(G (x) < 0)fx(x|Ar) (7
P(Fy)

P(x|A) =

dar istéllet den underliggande fordelningen fy (x|A;) anpassats sé att brott blir mer eller
mindre sannolikt beroende pa Ay.

I bada fallen ges den sokta brottsannolikheten av P(F,), medan P(F,,) = 1 &r kind.
AWH-metoden gér sedan ut pa att behandla A, som en extra stokastisk variabel och
simulera en simultan sannolikhetsfordelning (eng: joint probability density function)

P(x,2) o e/*1(G (x) < M) fx (%) ®)



dar koefficienterna fj, viljs adaptivt under simulerings géng sa att alla A;, i genomsnitt
besdks med en forutbestimd sannolikhet 1t;,.. Simuleringen kommer alltsa att hoppa
fram och tillbaka mellan olika A;, dvs mellan olika nivaer av brottssannolikheter.

AWH-metoden &r inte helt olik en annan vanlig metod for berdkning av brottssanno-
likheter, sé kallad delméngdssimulering (eng: subset simulation) (Au & Beck, 2001),
dér man ocksa simulerar en sekvens av nivaer. I fallet delméngdssimulering gar man
dock enbart i en riktning, fran mer till mindre sannolika fall (Figur 2.). | AWH-metoden
formas under simuleringens gang ett histogram W, av vikter av besokta nivéer A;, som
anvénds for att justera hyperparametrarna fj, tills histogrammet nar malfordelningen,
d.v.s. Wy, = Ny, se Figur 3 for ett exempel.

Niér detta ar uppfyllt har simuleringen konvergerat och brottsannolikheten uppskattas da
som

P(F)) = e(fM_fk)T[_M ©))
Ty

Pa kopet far man brottsannolikheterna for alla mellanliggande troskelnivaer A, inte
enbart for Ay = 0. Se Artikel A for ytterligare detaljer. I den artikeln har vi ocksa gjort
detaljerade jimforelser med delmingdssimulering for ett antal modellproblem, och
funnit att AWH 1i flera fall producerar jimforbara eller bittre resultat.

Virt att notera dr att man i AWH enkelt kan verifiera om simuleringen konvergerat som
den ska genom att jimfora det empiriskt framrdknade histogrammet W, med malfordel-
ningen 1y. For delmédngdssimulering ar det svérare att veta om resultaten ar att lita pa.

\
)y
@ ()

Figur 2. lllustration av skillnaden mellan AWH (a) och delmdngdssimulering (b). [
AWH utférs en slumpvandring fram och tillbaka mellan olika nivdkurvor (i bldtt) av
grdnsfunktionen G(x), medan en delmdngdssimulering startar med ett (stort) antal fron
(sampel) som ror sig mot den alltmer osannolikare regionen ddr brottet sker.
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Figur 3. (a) Viktningshistogram och (b) uppskattningar av brottssannolikheten som
funktion av tréskelnivd Ay for ett enkelt testfall G(X) = 6 — (X; + X,) /N2, dér X; dr
normalférdelade. Allteftersom simuleringen fortskrider byggs histogrammet upp och
konvergerar slutligen mot en malférdelning som ges av den prickade linjen i (a). Sam-
tidigt visas i (b) hur brottssannolikheten konvergerar mot det korrekta virdet P(F) =~

10~° vid A = 0.
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3 BERGMEKANISK NUMERISK MODELLERING

For att kunna berdkna en brottsannolikhet for en tunnelkonstruktion behover ett antal
bergmekaniska aspekter definieras och implementeras i en numerisk modell. I detta
kapitel diskuteras de bergmekaniska aspekterna pa det berédkningsexempel som ingar i
Artikel B. Detta eftersom fokus i Artikel B ligger pa sjdlva AWH-metodens forutsétt-
ningar att utfora berdkningen, snarare &dn bergmekaniska overviganden.

3.1 Forutsattningar och brottdefinition

Den numeriska modellen i en brottsannolikhetsberdkning anvénds for att beskriva kon-
struktionens beteende. Tunnelmodellen som analyseras i Artikel B dr "enkel" — i syfte
att behalla fokus pA AWH-metodens potential for berdkning av brottsannolikhet. Vi
studerar en tunnelpassage i svagt berg pa 300 meters djup. Bergforhallandena &r inspire-
rade frén passager i Nya Tunnelbanan och Forbifart Stockholm vilka temporért krivt
forstarkning med glasfiberbult och sprutbetong i stuff, langa spilingror framfor front,
m.m., for att kunna passeras. ”Svagt berg” ér i detta fall av sddan karaktér att det inte
gér att provtrycka och fa viarden genom standardmaissiga laboratorietester, vilket natur-
ligtvis ger stora osdkerheter i bestimningen.

Berget i Artikel B simuleras med en kontinuum-modell med idealplastisk material-
modell. Mohr-Coulombs skjuvbrottkriterium tillimpas med maximal hallfasthet for
ingdende parametervirden (kohesion, friktionsvinkel). Detta kriterium anvénds eftersom
det ar det vanligast forekommande vid praktiskt dimensioneringsarbete och allmént
accepterat inom projektering av geokonstruktioner i Sverige. Dilationsvinkel och drag-
héllfasthet simuleras som en deterministisk variabel for detta arbete.

Initiala huvudspéanningar antas riktade horisontellt och vertikalt. Storsta horisontella
primérspanning, on antas vara orienterad vinkelrétt tunnelns axel och minsta horison-
tella primédrspénning, o, ortogonalt frdn det. Riktningen pa huvudspénningar varieras
inte. Vertikal initialspdnning, ov, antas vara gravitativt beroende, men har trots det en
relativt stor osdkerhet (sdsom redovisas av t.ex. Palmstrom & Stille, 2015, samt under-
laget till Tabell 1 nedan, som redovisas i Edelbro, m.fl., 2022). Initialspidnningen i
utforda berdkningar antas vara enligt framtaget primérspanningstillstand for centrala
delarna av Stockholm (Edelbro, m.fl., 2022) och med en magnitud enligt Tabell 1.
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Tabell 1  Underlag for asdttande av sannolikhetsfordelningar for spdnnings-
tillstandet. I Artikel B anvénds log-normalférdelningar ddr medelvirdet motsvarar typ-
vdrdet i tabellen (Edelbro et al. 2022).

Spinningssamband for 0. [MPa] o, [MPa] pu
centrala Stockholm* H h v

Lag 2.3+0.063 z 1.4+0.025z 0.021 z
Typvirde (medelvirde) 3.6 +0.080 z 32+0.035¢z pgz
Hog 7.5+0.105z 54+0.042z 0.032 z

*Lag och hog indikerar realistiska skattningar pa minsta och storsta virde pa parametern.

Berget forstirks genom bade bultning och ytforstiarkning. Bultforstarkning simuleras i
modellen med en idealplastisk materialmodell. Efter att strackgrins uppnatts tillats
sedan bulten t6ja sig (flyta) till dess att en specificerad tdjningsgrans uppnds. Om toj-
ningsgrinsen verskrids gar bulten av. Ytforstarkning med sprutbetong simuleras med
elastisk materialmodell. Sprickor initieras i betongen vid uppnadd bojdrag- eller tryck-
héllfasthet.

Tunneln kan vara stabil trots att sdvél berget som forstarkningen har genomgatt plas-
tiska deformationer. I arbetet studeras en niva av brott med hinsyn till konsekvens.
Brott som kan leda till utfall av berg och forstirkning anses ha hog och allvarlig konse-
kvens. Denna typ av brott antas ske nér berget och forstarkningen deformerat tillrdckligt
mycket for att tappa den globala barformagan. Detta anser vi dr en mer relevant beskriv-
ning av brott i en tunnelkonstruktion, &n exempelvis plasticering i en enskild punkt i
bergmassan eller forstarkningen. Detta eftersom samhaéllets krav pa sdkerhet ofta
uttrycks i termer av en (mycket liten) tillaten sannolikhet, pr 1 for byggnadsverks
kollaps. I denna rapport har vi valt att utvdrdera den globala bérformagan genom att
studera om modellen gar till jaimvikt. I den programvara som anvints for analysen
beddms instabilitet genom modellens kinetiska energi. Férdndring i kinetisk energi méts
med konceptet unbalanced force ratio (Dawson et al. 1999). Om denna obalanserade
kraft kommit ner till kravstdlld niva dr modellen i jaimvikt; om den inte kommit ner till
kravstdlld niva, alternativt 6kar, har modellen inte gatt i jimvikt och brott registreras i
berdkningen. Tillimpningen av denna princip for att definiera brotthdndelsen F =
{G(X) < 0} i AWH-metoden diskuteras vidare i tillimpningsexemplet i Artikel B.

3.2 Modellering med FLAC3D

Den bergmekaniska spanningsanalysen utfordes i Itascas finita differens programvara
FLAC3D (Itasca, 2019). En kvasi-3D modell skapades minimera korningstid. Kvasi-3D
modeller 4r i sin grund 2D modeller med en liten tjocklek i den tredje dimensionen. I
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denna typ av modeller anvénds ett plant-tdjnings- (eller plant-spannings-) symmetri-
forhallande for att representera ett tredimensionellt problem. Trots att en enskild
korning tar kort tid s& kridver sannolikhetsbaserade analyser ofta manga iterationer. Dér-
for var kortiden for en enskild modell en viktig faktor i besluten av vilken typ av modell
och innehall som skulle anvindas. Valet av FLAC3D som programvara baseras pa dess
integration med programmeringsspraket Python. Genom Python-programmering méjlig-
gjordes automatiseringen av de sannolikhetsbaserade analyserna.

Programspraken Python och FISH (Itascas eget programsprak) integrerades och anvén-
des for att bygga, kora och utviardera modellerna med indata slumpad frén sannolikhets-
fordelningar. I detta fall anvéndes lognormalférdelningar pa bergmassans indata och
initialspanningstillstdndet (se detaljer i Artikel B).Stegen i FLAC3D-simuleringarna ar
att AWH-metoden, som programmeras i Python, anger for vilka specifika indata som
FLAC3D-modellen ska koras. Med hjilp av Python-programmering skickas den inform-
ationen in i en specifik modell i FLAC3D. Resultaten fran FLAC3D-korningen rapport-
eras sedan tillbaka till Python-skriptet, dér korningens resultat tas emot och behandlas i
AWH-metodens algoritm, som sedan foreskriver nya indata for en ny korning i
FLAC3D.



14



15

4 SAMMANFATTNING AV BIFOGADE ARTIKLAR

Tva vetenskapliga artiklar har skrivits baserat pa projektresultaten. De sammanfattas hér.
Artikel A finns av copyright-skél enbart tillgénglig digitalt via lank, medan Artikel B har
bilagts rapporten i sin helhet.

4.1 Artikel A

Lidmar, J. Spross, J. & Leander, J. 2022 Accelerated Weight Histogram method
for rare event simulations. Proceedings of the 13th International Conference on
Structural Safety & Reliability (ICOSSAR 2021-2022), 13-17 September 2022,
Shanghai, China, https://doi.org/10.48550/arXiv.2210.14537.

Artikeln beskriver hur den ursprungliga AWH-metoden kan omformuleras for att
berikna brottsannolikheter. Den nya metoden anvénds sedan i tva teoretiska berdknings-
exempel for att undersoka metodens funktionalitet. AWH-metoden jaimfors har med en
konkurrerande Monte Carlo-baserad metod, sé kallad delméngdssimulering (eng: subset
simulation). Det forsta exemplet dr av enklare natur. Det undersoker brottsannolikheten
i en gransfunktion byggd av en summa av normalfordelade stokastiska variabler. Det
andra exemplet undersdker en griansfunktion som representerar brottet i ett fiberknippe
utsatt for drag, dér varje trdd i knippet har samma styvhet men bryts vid en slumpmassig
tojning. Nar lasten sakta 6kar kommer de svagare tradarna ga av en efter en och lasten
omfordelas till de kvarvarande. Sddana modeller utvecklades fran borjan for att beskriva
hur en bunt av trddar gér sonder, men har fatt spridning till manga andra discipliner,
dven jordmekanik. Griansfunktionen for ett fiberknippe ar berdkningsmaéssigt mycket ut-
manande att berdkna brottsannolikheten for.

Resultatet av undersékningarna visar att for den enklare gransfunktionen presterar
AWH-metoden ungefir lika bra som delmingdssimulering, med ett litet 6vertag for del-
méngdssimuleringen. For det mer utmanande fiberknippeproblemet fick delmangds-
simuleringen svarigheter och i detta fall presterade AWH-metoden betydligt battre dn
konkurrenten.

4.2 Artikel B

Lidmar, J., Vatcher, J., Edelbro, C. & Spross, J. 2023. Estimation of small failure
probabilities using the Accelerated Weight Histogram method. Probabilistic
Engineering Mechanics, 74, 103501.
https://doi.org/10.1016/j.probengmech.2023.103501
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I den hir artikeln beskrivs mer konkret hur AWH-metoden kan appliceras pa mer kom-
plicerade problem och i synnerhet for berdkning av sannolikhet for kollaps av ett tunnel-
tvérsnitt modellerat med hjédlp av FLAC3D. Ytterligare detaljer kring de bergmekaniska
aspekterna ges i Artikel B, sérskilt avseende parametrarnas sannolikhetsfordelningar.

Modellgeometrierna som anvéindes i simuleringarna var typiska tunnelgeometrier (bredd
10 m) enligt Figur 4. Modelltjockleken ut ur planet var 1 m for att aterskapa néstan fyr-
kantiga zoner som dr optimalt for spdnningsberdkningar. En zon i FLAC3D ér en stidngd
geometrisk domédn med noder hérnen och pa ytorna som kopplar samman néraliggande
zoner. Zonstorleken ndrmast tunneln hade sidldngden 1 meter och zonstorlekarna 6kade
sedan gradvis ldngre bort fran tunnelranden for att minska kortiden. Rullstod anvéndes
pa alla sidor av modellen. Modellen kdrdes med mojlighet till sma tojningar (position-
erna i nétet uppdateras inte fysiskt) for att kunna jamféra AWH metodens resultat med
programvarans inbyggda metod for sékerhetsfaktor, se FLAC3D:s manual (Itasca,
2019).

En komplikation som diskuterats i kapitel 3 4r att brottkriteriet inte ges av en kontinuer-
lig gransfunktion, utan istillet av en diskontinuerlig funktion. Det innebér fér tunnel-
exemplet att man utifran observerad unbalanced force ratio direkt anger i ekv. (5)
virdet 1(x € F) = 1 om jamvikt ej uppnétts i kdrningen for kdrningens indata x, annars
0 om jamvikt uppnétts. Man kan alltsa hoppa 6ver det annars vanliga steget att utvar-
dera ett explicit numeriskt virde pa gransfunktionen G (x) och jamfora om det ar storre
eller mindre &n grénstillstandet G (x) = 0.

FLAC3D 7.0

©2021 tasca Consulting Group,

Figur 4. Modellgeometri for det analyserade tunneltvirsnittet i FLAC3D.
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I vara FLAC3D-berdkningar definierade vi brott som att unbalanced force ratio €j
understiger 10~° under ett visst antal tidssteg. For att hantera detta i AWH-algoritmen

introducerar vi en omskalningsparameter s = e

, som fungerar analogt med en séker-
hetsfaktor i bergmekanisk dimensionering. Denna anvénds for att skala om tva av de
viktigaste bergmekaniska parametrarna i problemet, ndmligen kohesionen, c, och frikt-
ionskoefficienten, tan(gp), sa att brott blir mycket sannolikare for stora s. P4 sa vis fas en
familj av sannolikhetsfordelningar fy (x|sy) som interpolerar mellan det verkliga fallet
vid s, = 1 (A = 0) och allt sannolikare fall for s;, > 1. Denna familj av fordelningar
kan anvindas med AWH-metoden sa som beskrivet i kapitel 2.2. Totalt ingar 13 para-
metrar i den bergmekaniska numeriska modellen for tunneltvirsnittet, varav 10 &r
stokastiska och antas f6lja lognormala fordelningar med givna medelvédrden och
varianskoefficienter, se Tabell 2 for ett exempel. For ett givet virde péa sikerhetsfaktorn
Sk sker en omskalning enligt ¢ = Corg/Sk Och tan ¢ = tan @grg /Sk.

Resultatet av AWH-simuleringen ger dé sannolikheten P (F|s;) for brott som funktion

av sy, vilket kan tolkas som sannolikheten for att sdkerhetsfaktorn skulle ha ett véirde

mindre &n s;,. Exempel pa hur det kan se ut visas i Figur 5.

Tabell 2. Ingdende parametrar i tunnelmodellen, med exempel pd medelvirden och
variationskoefficienter fran ett berdkningsfall. Samtliga parametrar antas folja log-nor-

mala fordelningar.
Bergmassans parametrar Medelvirde Variations-
koefficient
Densitet (kg/m?) 2650 0
Deformationsmodul (Pa) 2-10° 0.25
Tvérkontraktionstal 0.25 0.1
Kohesion (Pa) 5-10° 0.4
Friktionsvinkel (°) 33 0.4
Draghéllfasthet (Pa) 200 0
Dilatationsvinkel (°) 2 0
Storsta horisontalspanning, on (Pa) 2.513-107 0.5
Gradient for 6kning av on med djup (Pa/m) 82 000 0.25
Minsta horisontalspinning, oy (Pa) 1.13 - 107 0.5
Gradient for 6kning av on med djup (Pa/m) 32 800 0.25
Vertikalspinning oy (Pa) 6.5-10° 0.5
Gradient for 6kning av oy med djup (Pa/m) 26 100 0.25
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Figur 5. Till vinster: Sannolikhet for sikerhetsfaktor < s fran AWH-simuleringar av
tunnelmodell med parametrar givna i Tabell 2. Sannolikheten for brott dr samma sak
som sannolikheten att sckerhetsfaktorn dr mindre dn 1. Till héger: Bild av grins-
tillstandsytan projicerat pd planet c—tan(p). Réda punkter gdr till brott, gréna inte. Den
oregelbundna formen pd brottomrddet indikerar att bergmodellens beteende dr
komplext néir man ligger ndra brottgrdnsen.

I det aktuella problemet har kohesionen och friktionsvinkeln storst inverkan pa brotts-
sannolikheten och vi kan fa en bild av gréinstillstandsytan om vi projicerar de simule-
rade datapunkterna i det planet. Se hdgra grafen i Figur 5. Man ser hér att grinsen mot
brottsomradet (roda punkter) inte dr helt skarp och att omrédet inte heller ar helt
sammanhdngande vilket gor problemet utmanande. Trots detta har simuleringen konver-
gerat mot en brottssannolikhet pa ca 5.7 - 107 efter 14 000 kérningar i FLAC3D, vilket
ses ddr vénstra figurens kurva méter vertikalaxeln (s = 1). Redan efter runt 2000 kor-
ningar fas en grov skattning som sedan forbattras efter hand. Tiden for att genomfora

14 000 kdrningar &r i storleksordningen 100 timmar (ca 0,5 minut per kdrning).

Slutsatsen av simuleringarna i Artikel B &r att AWH-metoden kan anvéndas for att
simulera brottsannolikheter i dimensionering av ett tunneltvirsnitt.
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5 DISKUSSION

5.1 AWH-metodens funktionalitet

En aspekt som gor brottssannolikhetsberdkningar speciella &r att det typiskt d&r mycket
tidskrdvande att utvirdera gransfunktionen G (x). Ofta krivs omfattande numeriska
berdkningar for varje virde pa indata x, exempelvis som i den aktuella tunnelstudien dar
vi utforde FLAC3D berédkningar. Detta stiller stora krav pa effektivitet hos simu-
leringsalgoritmen sé att onddiga utvérderingar av G (x) undviks. Beroende pa proble-
mets komplexitet kommer olika metoder att vara bést lampade. Om brottssannolikheten
inte ar alltfor liten (= 0.05) &r det svart att sla vanlig (“crude”) Monte Carlo-simulering,
eftersom variablerna x da slumpas fram oberoende av varandra. Delméingdssimulering
har pa liknande satt fordelen att den utgér frén ett relativt stort antal oberoende ”fron”
(sampel), som sedan flyttas mot brottregionen G (x) < 0 med Markovkedje-Monte
Carlo. Korrelationer mellan frona byggs dock successivt upp for varje generation under
simuleringens gang vilket minskar den fordelen for mer komplicerade problem. AWH
arbetar mer sekventiellt med korrelerade sampel fran en Markovkjedja, men vandrar
fram och tillbaka 6ver parameteromradet flera génger vilket verkar leda till ett effekti-
vare utforskande av parameterrummet for komplexa problem.

Oavsett vilken metod som anvénds for brottssannolikhetsberdkning kan man inte vénta
sig battre resultat 4n vad den statistiska modellen kan beskriva. Speciellt bér man vara
vaksam pa att for problem dér brottssannolikheten styrs av virdet pa nigra fa ingéende
parametrar finns en risk att resultatet blir valdigt kdnsligt for beteendet hos svansarna pa
fordelningarna av dessa parametrar. Det dr da av yttersta vikt att dessa ar tillforlitliga.
Da det ofta finns betydande epistemiska osékerheter géllande parametrarnas férdelning
kan det vara ldmpligt att anvénda hierarkiska probabilistiska modeller for att bygga in
denna osidkerhet, alltsé att sannolikhetsfordelningens varians i sig modelleras med en
sannolikhetsfordelning. Anvéindningen av detta tillvigagéngssitt har diskuterats for
bergparameterar av Bozorgzadeh et al. (2019).

I fall brottsannolikheten istdllet styrs av ett stort antal samverkande variabler har man
inte denna kénslighet, utan kan férvénta sig robustare resultat. Korrelation mellan vari-
abler kan dock inverka pa kénsligheten. Ur denna synpunkt skulle det kunna vara intres-
sant att studera mer detaljerade modeller for bergmassan som tar hansyn till rumslig
heterogenitet och korrelation.
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Erfarenheten fran berdkningarna i Artikel B visar att mojligheten att undersdka brott-
beteendet binirt (d.v.s. med enbart “brott” (1) eller “ej brott” (0) som resultat i indi-
katorfunktionen 1(x € F) i ekv. (5) istdllet for ett explicit berdknat virde pa G(X)), gor
AWH-metoden mycket intressanta for vissa granstillstind i en tunnel. Har har AWH-
metoden en klar fordel gentemot exempelvis delméngdssimuleringar, men dven metoder
med surrogatmodeller, som bada kréver en kontinuerlig gransfunktion. Ett exempel pa
en metod dér surrogatmodeller anvinds dr Adaptive directional importance sampling
(ADIS) (Grooteman, 2011), vars anvdndbarhet for dimensionering av bergkonstruk-
tioner visas i Damascenos (2022) doktorsavhandling. Med ADIS kravs mycket fa simu-
leringar av den numeriska modellen, men den numeriska modellen beh&ver alltsd kom-
bineras med en kontinuerlig grinsfunktion, d.v.s. kunna ge ett explicit virde pa G(x),
for att en surrogatmodell ska kunna skapas. Ett mojligt alternativ till AWH f6r att han-
tera bindra brottvillkor (diskontinuerlig gransfunktion) dr sa kallade sekventiella Monte
Carlo metoder (SMC), se exempelvis Papaioannou et al., 2016, som i dvrigt har manga
likheter med delmangdsimuleringar.

Det gér inte att komma runt att ménga tusentals evalueringar av griansfunktionen G (x)
ofta kommer att kriivas for simuleringarna. Aven for relativt forenklade numeriska
modeller, som tunneltvérsnittet i Artikel B dér varje enskild FLAC3D-berékning tog
runt 30 sekunder, far man att 3000 sampel tar ca ett dygn. For dessa simuleringar krivs
ca 2000 sampel for en grov uppskattning av brottssannolikheten, men med fler far man
bittre noggrannhet. Det dr alltsd fraga om relativt storskaliga datorberdkningar. Sam-
tidigt ar det inte nddvandigtvis sa att sjidlva gransytan G = 0 har en extremt komplicerad
form, utan i princip skulle den kunna beskrivas av en betydligt enklare surrogatmodell.
En framkomlig vig, som kan undersokas i fortsatta studier, kan vara att forst konstruera
en surrogatmodell som ger en approximativ beskrivning av brottomradet F5 =

{G5(X) < 0}, och som &r snabb att berikna, och sedan anvinda den tillsammans med
AWH for att berdkna brottssannolikheten. Har skulle det vara av intresse att studera
mojligheten att i AWH-metoden kombinera en surrogatmodell och den ursprungliga
numeriska modellen, sd att antalet evalueringar av den senare minimeras.

5.2 AWH-metodens roll i tunnelingenjoérens verktygslada

Trenden inom utvecklingen av metoder for att verifiera konstruktioners sékerhet har
inom savél forskning som praktik rort sig bort fran deterministiska sékerhetsfaktorer,
mot en mer stringent hantering av osdkerhet och risk genom att istéllet sétta krav pa til-
laten brottsannolikhet. For konstruktioner av stal och betong och vissa geokonstruk-
tioner i jord kan den semi-probabilistiska partialkoefficientmetoden utgora ett tillrack-
ligt bra verktyg for att verifiera att brottsannolikheten hos den projekterade konstrukt-
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ionen dr tillrdckligt lag. Inom bergbyggande ar det dock inte alls sjdlvklart att partial-
koefficienter skulle fungera lika bra, vilket exempelvis BeFo-rapporten av Johansson et
al. (2016) indikerar.

Om tunnelbyggnadsbranschen ska ta sig vidare fran dagens deterministiska sékerhets-
faktorer och f6lja resten av byggbranschens 6vergédng mot probabilistiska metoder, sé
kommer bra alternativ till partialkoefficientmetoden att behdvas. Enligt var beddmning
finns det i dagsldget ingen universalmetod som kan berékna brottsannolikheter enkelt
och bra till alla olika typer av gréinstillstind som man har att hantera i ett tunnelprojekt i
berg. Partialkoefficienter kan eventuellt visa sig fungera for verifiering av vissa gréns-
tillstdnd, men sérskilt for samverkanskonstruktioner kommer det troligen behdvas en
fullt probabilistisk metod for verifiering.

Morgondagens tunnelingenjor kommer dérfor formodligen att behdva forstéd och
behérska dven nagra mer avancerade metoder, samt — inte minst — kunna avgoéra vilken
metod som passar bést till vilken problemformulering. I valet av berdkningsmetodik kan
man exempelvis behova beakta osdkerheten i tillgingliga data, da aséttandet av fordel-
ningar har stor paverkan pé utfallet i denna typ av berdkningar. Sdsom ndmndes i
rapportens inledning har alla befintliga metoder for berdkning av brottsannolikhet sina
fordelar och nackdelar, avseende exempelvis noggrannhet, tidsatgang och komplexitet.
Vi ser hir AWH-metoden som en av flera mdjliga metoder som kan passa néir en nume-
risk (Monte Carlo-baserad) simuleringsmetod dr ldmplig for att berdkna brottsanno-
likheten. I Artikel A sdg vi exempelvis hur fiberknippeproblemet hanterades béttre av
AWH-metoden @n konkurrenten delméngdssimulering.

Vi tror dock att AWH-metoden och liknande metoder gor sig bast om de kan integreras
direkt i programvaran som utfor berdkningen av tunnelmodellen, eftersom detta skulle
forenkla anvindningen avsevirt. Den omfattande handpaldggning som idag krévs med
kodning i Python &r acceptabel vid utveckling av metoden i forskningsprojekt som
detta, med for att skapa rimlig praktisk anvindbarhet anser vi att det dr det rimligt att
programvaruutvecklare integrerar sannolikhetsbaserade metoder i nya utgavor av
programvaror for numerisk modellering av konstruktioner.
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6 SLUTSATS OCH REKOMMENDATION FOR FORTSATT
FORSKNING

Denna forstudie har undersokt AWH-metodens funktionalitet for att berdkna brott-
sannolikheter. Den bifogade Artikel A visade hur AWH-metoden kan formuleras for att
berdkna en brottsannolikhet och jimforde metodens funktionalitet med delméngds-
simulering for tvé olika gransfunktioner. AWH-metoden gav jambordiga till battre
resultat dn konkurrenten. I Artikel B visar vi hur AWH-metoden kan anvéndas for att
berdkna brottsannolikheten for ett tunneltvirsnitt, dir brottgransen definierades pa ett
for forskningslitteraturen nytt sitt med hjilp av principen unbalanced force ratio. Detta
modjliggjorde for oss att simulera ett globalt barighetsbrott som ger ett representativt
beteende for de sma tillitna brottsannolikheter (~10~-10") som anges i dimension-
eringsstandarder som Eurokoderna. Detta gav en diskontinuerlig gransfunktion. Trots
denna utmanande beskrivning av brottgransen kunde AWH-metoden modifieras for att
utfora brottsannolikhetsberdkningen.

Avseende definitionen av brott med hjdlp av unbalanced force ratio ar detta ett lovande
tillvigagangssatt for brottsannolikhetsberdkningar av tunnelkonstruktioner i allménhet.
Det ska alltsa inte ses som en metodik som enbart dr anvéndbar tillsammans med AWH-
metoden. Det finns hér skél att separat undersdka hur konceptet i detalj ska forstas och
modelleras ur ett rent bergmekaniskt perspektiv. En tydlig och anvédndbar definition av
brott i bergmassa har ndmligen efterfragats lange bland forskare pa dimensionerings-
principer for bergbyggande, och att en sddan saknas utgdr ett fundamentalt problem vid
framtagande av dimensioneringsstandarder och kalibrering av sédkerhetsnivéer. En néra-
liggande viktig fragestéllning ror hur de bergmekaniska indataparametrarna ldmpligast
beskrivs som sannolikhetsférdelningar. Vid vilka férhéllanden &r det exempelvis viktigt
att beskriva bergets heterogenitet med en rumslig variation hos en parameter och nér
kan en enklare homogen statistisk modell anvidndas? Nér kan undersokningsdata l[&mp-
ligen kombineras med erfarenhet, exempelvis med bayesianska statistiska metoder?

Tidsatgangen vid berdkningarna dr i dagsldget en nackdel. AWH-metoden gor sig darfor
i dagsldget formodligen bést ndr det inte dr s& numeriskt krdvande att utvirdera gréns-
funktionen. Sadana problem kan &nda vara mycket svéra att simulera effektivt med
andra metoder, om grénsfunktionen &r komplex (sasom fiberknippemodellen i

Artikel A) eller dr en systemformulering av flera brottmoder. For numeriskt tyngre
modeller bor man overvéga att vidareutveckla AWH-metoden sé att den kan hantera
surrogatmodeller for att minska kortiden. En intressant méjlighet &r att kombinera den
ursprungliga modellen och surrogatmodellen i en och samma AWH-simulering. Detta
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tillvigagangssatt skulle ocksa kunna ge en betydande variansreduktion genom en om-
skrivning av brottsannolikheten som P(F) = P(F5) + E[1(x € F) — 1(x € F5)]. De
bada termerna i vantevirdet kommer att vara korrelerade vilket leder till minskad
varians vid uppskattning med Monte Carlo.

Sammanfattningsvis visar forstudien att AWH-metoden har en plats i verktygsladan
bland de sannolikhetsbaserade dimensioneringsmetoderna. Det finns dock ett storre
antal detaljer som skulle kunna finslipas, for att fa ner berdkningstiderna. Dérefter bor
man ta fram praktiska rekommendationer for anvandaren, exempelvis hur histogrammen
ska tolkas och metodens styrparametrar aséttas och de bergmekaniska indataparamet-
rarna beskrivas som sannolikhetsfordelningar.
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ARTICLE INFO ABSTRACT

MSC: Simulation of rare events, such as small failure probabilities, is a common problem in several scientific and
0000 engineering fields. This paper presents a novel Monte-Carlo-based simulation approach for this purpose, called
1111 the Accelerated Weight Histogram (AWH) method. The method was originally developed to solve challenging
Keywords: sampling problems in statistical and biological physics, but its algorithm has here been reformulated for

Structural safety

Rare event simulation
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Tunnel
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estimation of rare event probabilities. The applicability of the method is investigated for a couple of simpler
computational examples and for a more advanced practical case, which consists of a rock tunnel stability
problem. To estimate the probability of failure of the latter in a realistic manner, a boolean indicator function
was used to describe failure, based on a mechanical concept known as unbalanced force ratio. The investigated

cases indicate that the AWH method performs well for both simpler limit states and more complex failure

definitions.

1. Introduction

Simulation of rare events is a common problem in both physics
and engineering, including diverse applications such as free energy
calculations, structural safety assessments, and failure probabilities of
general technical systems. In this paper, we discuss the simulation of
rare events in the context of structural safety assessments; hence, we
describe the rare event analysis as an estimation of a probability of
failure, which in general can be described by the following integral:

P(F) = / 1(x € P)r(x)dx &)
Q

where 1(x € F) is an indicator function of failure behavior, and
#(x) is the joint probability density function of the random variables
x = (x,...,x,) € Q. The structural behavior is often described by a
performance function, G(x), defining the failure event as ¥ = {G(x) <
0}, though sometimes G(x) is difficult to establish.

Depending on the definition of the failure event and the compu-
tational cost to analyze the structural behavior, different methods to
assess P(F) can be appropriate. If a tractable analytical and differ-
entiable expression is available for G(x), approximate methods like
the first-order or second-order reliability methods provide estimations
of P(F) [1-3]. If an analytical expression for G(x) is not directly
available or too complex, it can be approximated using a surrogate

* Corresponding author.
E-mail address: jlidmar@kth.se (J. Lidmar).

https://doi.org/10.1016/j.probengmech.2023.103501

model, which is used for example in adaptive directional importance
sampling [4]. Surrogate models may however have difficulties for com-
plex limit states and in high-dimensional space. For high-dimensional
problems, line sampling [5] or asymptotic sampling [6] may be useful
alternatives.

Monte Carlo simulation is, however, generally the most robust
method, but as the evaluated P(F) generally is small, often in the
range 1075 to 10~ for structures, crude Monte Carlo can be unpractical
due to its many required evaluations of the model. This method has
therefore been improved upon into a number of advanced simula-
tion methods. Importance sampling methods can drastically reduce
the number of samples needed, but it is often difficult to construct
a suitable importance distribution in more complicated cases. Subset
simulation [7,8] solves the problem by introducing a sequence of nested
subsets corresponding to ever rarer events, keeping the conditional
probabilities large enough to be efficiently sampled using Markov
chain Monte Carlo (MCMC). Subset simulation has gained consider-
able attention over the last decade, see e.g. [9-13], but also some
criticism [14].

In this paper, we introduce a new Monte Carlo-based approach to
estimate P(F). The method is called the Accelerated Weight Histogram
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(AWH) method and was originally developed to tackle challenging sam-
pling problems in statistical and biological physics [15]. We have refor-
mulated its algorithm to estimate the probability of rare events, such as
failure probabilities of engineering structures. The AWH method uses
adaptive importance sampling through a Markov chain that carries out
a random walk within a family of distributions that bridge the rare
event probability of interest to a known reference. Similar to crude
Monte Carlo and subset simulations, the AWH method does not require
detailed knowledge about the failure modes of the problem. The po-
tential of the AWH method to estimate failure probabilities was briefly
discussed in our recent paper [16], where we found the AWH method
to be competitive to subset simulation, especially for hard problems
(complex performance functions). In the present paper, we extend this
work. In particular, we discuss the ability of the AWH method to handle
not only continuous performance functions G : 2 — R crossing some
threshold, but also failure described by a boolean indicator function

# o 2 - {0,1}. We note that problems with continuous performance
functions can be handled straightforwardly by defining intermediate
failure domains G(-) < 4, as is done in subset simulation. The boolean
case, however, requires a different approach. In Section 5, we present
a practical example of a tunnel stability problem, in which failure is
described by such a boolean indicator function.

2. The accelerated weight histogram (AWH) method
2.1. General concepts

We begin by describing the AWH method [15] in a general setting,
before turning to the particulars of rare event estimation. The AWH
method is an adaptive importance sampling Markov chain Monte Carlo
(MCMC) method able to sample from a whole family of probability
distributions P(x|4) in a single simulation. Here x € £ denotes the (of-
ten high-dimensional) stochastic variables that enter the probabilistic
model of interest, and 1 € A is a parameter. By transitioning between
different 4 in a suitable family, the correlation time is often significantly
reduced and the sampling of rare regions enhanced. In most cases, the
distributions P(x|1) = Q(x|1)/Z; are known only up to an unknown
normalization constant Z, = e~Fi, and may, without loss of generality,
be written as

P(x|4) = M7, @

since working with logarithms turns out convenient. This does not
prevent sampling from Eq. (2) using Markov chain Monte Carlo, and
we assume that such a method is available. As it turns out the nor-
malization constants Z, = ¢~1 will be directly related to the failure
probability, and their determination is therefore a central objective
of the approach. We may note that the computation of normalization
constants have other applications as well. For example, in statistical
physics F, corresponds to the free energy, while in Bayesian statistics
Z, corresponds to the evidence, which is useful for model validation
and comparisons. The basic idea is now to promote the parameter 4 to a
dynamical variable and design a Markov chain with a joint equilibrium
distribution

P(x, ) = %efrfm. @)

This can easily be accomplished by alternating MCMC updates of x at
fixed 4 and updates of A at fixed x.

The hyperparameters f, introduced in Eq. (3) control the marginal
distribution of parameters

P(2) =/ P(x, A)dx = %e/rﬂ, 4)
Q

where Z = ¥, ¢/i="4. The idea is to make this cover an entire range
of 1 with sufficiently large probability. In order to make the marginal
follow a prescribed target distribution r,;, we need to set f, ~ F;+Inz,.
Since this depends on the unknown F; this is quite nontrivial, but the
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AWH method accomplishes this by fine tuning f; adaptively during
the simulation, as described in Section 2.3. When converged, the AWH
method will produce both an estimate of the normalization constants
Z, = e~Fi (up to a multiplicative factor), and Monte Carlo samples from
Eq. (3), which may be used to compute conditional expectations.

2.2. Parameter moves and hyperparameter updates

In this section, we describe the MCMC moves of 4 at fixed x and
the adaptive updates of the hyperparameters f,;. To be practical, the
parameter A is restricted to a discrete set A = [Ak](’]"’ , and we may
use the index k interchangeably with 4, in the following. Rather than
performing only nearest neighbor transitions for the parameter moves
Aw = 4,,, we use a Gibbs sampler to allow for larger jumps. This allows
for a rather fine discretization of 1-values without sacrificing efficiency.
Thus, for the current x all M + 1 possible moves are considered, and
the new state m is drawn with the probability

= En()
Y el :

Expectations conditional on 4, may be estimated from the samples

{x;}] as

E[Al4] ~ 4,

Wy (x) = P(4,|x) = (5)

T AW x)
27:1 wy(x;)
The weights w,(x) are also accumulated in a weight histogram W,.
For fixed hyperparameters f,, the normalized weight histogram will
approximate the marginal parameter distribution, W) ~ N P(4;), given
in Eq. (4), thereby allowing us to estimate the normalization constant
Z, = et » kW, /[Ny, where N = ¥, W,. In AWH, the hyper-
parameters are refined iteratively from a sequence of simulations run
with different f, ,E’) and nﬁ{”. The total accumulated weight histogram

(6)

- i)
Wk“‘) =X, w&{')(x‘-) will then approximately follow Y, Z-'e/v ~f%,
which may be turned into a convenient recursive update relation

W =w" 4w x,) @)

(n)
(1) ) _ o Wi @®)
k ~k (n=1) m |
[P

Note that the magnitude of the updates to f; decreases with increasing
number of samples, and eventually f, ,ﬁm converges towards Fj + Inz;
(up to a constant) while W, - Nx,.

2.3. The AWH algorithm

The whole algorithm is summarized as follows:

Initialize m = M and x ~ z(x|4y).

Repeat for n = 1,...,N; (or until the desired accuracy has been
reached):

1. Carry out one or more MCMC steps at fixed m:

(a) Propose a new state x’ with probability g(x'|x).

(b) Accept, i.e. set x « x/, if g(x|x")P(x'|4,,)/q(x" |x)P(x|4,,) >
u, where u ~ U[0, 1) is a uniform random variate in [0, 1).

(c) Otherwise set the new state equal to the old one, x < x.

. Calculate the weights w, (x) = P(k|x) for all k, using Eq. (5).
. Update the weight histogram, Wk(") = Wk(”'l) + wy(x).

. Accumulate weighted averages according to Eq. (6).

. Choose a new level index m with probability w,,(x).

. Update the hyperparameters using Eq. (8).

U A WN

Like many other methods, AWH may only estimate ratios of nor-
malization constants, Z,/Z,, = efm~fc ~ e/M~fix [z, absolute
normalization constants require a known reference, e.g., Z,, = 1.
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Before the algorithm starts the hyperparameters f, must be ini-
tialized with a first guess (e.g., fk(m = 0 if nothing is known), and
the weight histogram Wk(l)) = Ny 7, where N, is a small number,
typically of order 1 or M, which quantifies our prior belief in the
initial guess. As the simulation goes on the weight histogram will
converge towards Nz, and the updates will become smaller and smaller
Af, ~ 1/N — 0, while f; —» F, + Inz;, when the total number of
(effective) samples N grows large. In the early stages of the algorithm
the estimates f; will, however, typically be very poor, which can be
diagnosed by a very skewed weight histogram |W, — Nz | > 0. When
this happens it is recommended to reduce the effective number of
samples N = Y, W,, e.g. by setting W, « min(W,,cNr,) for all k
and then N « Y, W,, where c is a suitable relative tolerance for the
acceptable deviations. This prevents large peaks from building up in
the weight histogram. A value of 1.25 < ¢ < 2 seems to work well in
many cases.

A straightforward generalization of the algorithm is to simulate
several systems (sequentially or in parallel), which all contribute to
the same weight histogram. Each simulation, below referred to as a
“walker”, has its own state variables x and level index m, and move
around independently from each other, but share W, and f,. Besides
taking advantage of parallel computing architectures, already a modest
number of walkers (~2—4) can in our experience help to speed up the
initial convergence towards the target distribution.

2.4. Target distribution

The target distribution x; = 7z, is a tuning knob of the algorithm,
which in principle may be optimized for convergence. Related to this
is the spacing 64, of parameter values, which must be small enough
to get a reasonable acceptance probability for the parameter moves.
Since the Gibbs sampler [Eq. (5)] can make large jumps along the A-
coordinate a rather dense sequence of i-values may be used. As long as
54 is small enough, a nonuniform distribution of levels 4,, will have a
similar effect as a nonuniform target distribution r,, hence we may take
54 = constant for simplicity. The common naive choice of taking also
7, constant often works well, but is in general suboptimal [17]. Here
we opt to choose a target distribution z(4)  |d F /d 4| instead, assuming
that F is a monotonic function of A. A rational for this choice is that
it is invariant under nonlinear reparamteterizations A — ' = g(4),
since then z(1)dA’ = n(4)dA. This choice is also compatible with
the distribution implicitly used in subset simulations, where instead
the levels 1, are chosen adaptively so that z(F,)/x(F,,) = py is
constant with a preset value p, = 0.1 — 0.5. In practice we have to
work with a discrete approximation z, « |6F,|, e.g. using central
differences [6F, = % (Fip1 = Fiy), for 0 < k < M and 6Fy = F| - F,
6Fy; = Fyy—Fy_1], and with estimates of the logarithmic normalization
constants F, ~ f, —Inx, instead of the exact ones. Since these estimates
will be unreliable at the early stages of the simulation it is better to mix
in also a (small) uniform component, setting

« 1

M+1
where § = )Y, |§F,| is a normalization constant and 0 < « < 1
decreasing as the simulation goes on. In fact it seems helpful to always
keep a small uniform component to increase the robustness of the
algorithm. For example, we may set a« = y/(y + minW)) + ¢, with
y =~ 10 to 200 and ¢ = 0.01. For definitiveness, we pick y = 100 for the
simulations presented below. The adjustment of the target distribution
may be carried out between step 1 and 2 in the algorithm, and must
be accompanied by the adjustment of the hyperparameters to keep
fi = F+Inm,.

T =

+a —a)é [5F], )
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3. Rare events

In reliability calculations the goal is to estimate the probability =(F)
of a rare event {x € F}. In order to adapt the above ideas to a rare
event sampling scheme, we only need to specify a suitable family of
distributions P(x|4), that interpolates between the target probability

1(x € F)z(x)
z(F)
and a known reference P(x|4,,), for instance z(x). As discussed, the
normalization constant here is just the initially unknown failure proba-
bility z(F). There is considerable freedom in choosing such a family
of distributions and different choices may be preferred in different

situations. Quite generally, we take

©(x|F) = = P(x|Ay) (10)

P(x|k) = efk1(x € F)a(x|k), (11)

with 7, = F and #(x|0) = #(x) matching Eq. (10) on one end and
Ty = Q and the reference 7(x|A,,) on the other. The failure probability
may then be estimated from the ratio of normalization constants as
. . T,
7(F) = efu=Fo o ofm=fo 20 (12)
Ty

We begin with a discussion of the common case where the rare event
is characterized by some continuous limit state function G : Q - R.
Next we discuss the case of a boolean indicator function 1 = 1(- €
F): Q- {0,1).

3.1. Continuous limit state function

Here we assume that failure corresponds to a situation where the
limit state function G(x) reaches below a given threshold, arbitrarily
set to 0, i.e, 7 = {G(x) < 0}. In that case it is natural to introduce a
nested sequence of failure events F = Fy C F{ C F, C -+« C Fyy = Q
corresponding to different threshold levels 0 = 1) < A} < 4, < - <
Ay = o, ie, Fi = {G(x) < 4;}. The event F, will then occur certainly,
P(F)) = 1, and will be our reference state. A family of distributions
may in this case be defined as

P(x| ) = " 1(G(x) < A)n(x) 13)

for k=0,...,M.
The joint distribution of x and 4, (or just k) becomes

P(x, Ay) = %efk]l(G(x) < A)m(x), 14)

while the weights become
e/m1(G(x) < A,)

¥ ek L(G(x) < 4y) (15)

w,,(x) = P(m|x) =

3.2. Boolean limit state function

In case the failure region is determined by a boolean function one
may proceed in several other ways. One approach is to introduce an
approximate performance function that can be used as a proxy for G(x),
and proceed along the lines of the previous section. Another approach
is to define a family of probability distributions as
1(x € F)m(x|4y)

7(Flag)
and P(x|Ay) = m(x|Ap_;). The distributions r(x|4,) must be chosen
such that 7(x|4y) = #(x), and that the rare event becomes much more
likely as k increases. An example will be given below in Section 5.3,
where the material strength is reduced by a factor of safety s, =
e« to make structural failure more probable. The corresponding joint
distribution is

P(x|4) = . k=01,...M-1, (16)

P(x, Jy) = %ef" 1) (x| Ag)s M -1, 17)

P(x, Ay) = %eszr(xMM,l), (18)
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from which the weights w,,(x) = P(4,|x) = P(x,4,)/P(4,) are com-
puted as

w,,(x) = e/'"]lp(x)zr(xum)/R(x), m=0,....,M -1, (19)

Wy (x) = e z(x| Ay _)/ R(), (20)
M-1

RO =M a(x|dy_ )+ Y, e Tp(om(x| ). (21)
k=0

3.3. Monte Carlo moves

Proper sampling of the relevant parameter regions requires efficient
Monte Carlo moves also for the random model parameters x at fixed
A. AWH can be paired with any convenient MCMC update that leaves
P(x|4) invariant, replacing the Metropolis update [step 1 of the algo-
rithm in Section 2.3]. When z(x|A) is a multidimensional standardized
normal distribution one may, e.g., use the procedure suggested in [9]
or [18], drawing each proposal x/ from g(-|x) = N(V1 = 62x;, 52), where
0 < 6 < 1 is a suitably chosen step length, and accepting if x’ € F,,. This
will be used frequently in the examples that follow. Another possibility
is to use Hybrid/Hamiltonian Monte Carlo updates.

Often the level m = M is such that it is possible to sample directly
from P(x|4,,) and then that is obviously preferable.

4. Computational examples

The AWH method has been tested out on a number of different
benchmark problems. In a previous publication [16] we applied it
to two model problems, a normal distribution with linear limit state
function and a less trivial fiber-bundle model. These examples are
briefly discussed below together with a couple of other benchmark
problems of varying complexity. A more realistic problem is studied
in Section 5.

We have also compared with subset simulation, which is a well-
established and highly performant method for rare event simulation
[7,8]. Subset simulation is a sequential Monte Carlo method that
evolves a population of samples towards the rare failure region via
a combination of selection, cloning, and MCMC. We used a fraction
py = 0.2 (or sometimes 0.1) of the sample population as seeds for
subsequent levels. The population size was adjusted so that the number
of function evaluations of G(-) were the same for both subset and AWH
simulations, to make comparisons fair and easy.

A robust way to assess the accuracy of the methods is to perform
many independent runs of the simulations and apply standard statistical
methods to the resulting estimates. We compute the coefficient of
variation (CV) and the root-mean-square (RMS) deviation from exact
results, where available.

The AWH estimate is asymptotically unbiased, implying that any
bias is negligible compared to the statistical error for long simulations.
The bias comes from the initial transient as the histogram builds up and
the Markov chain equilibrates, and decays inversely with simulation
time.

4.1. Sum of log-normal random variables

As a first illustration of how the AWH method works, consider a
model where failure occurs if the sum of n log-normal random numbers
exceeds a given threshold. The limit state function is given by [19]

Gx)=n+b3\/n—Y . (22)
i=1

where y; are log-normal random numbers with mean 1 and standard
deviation 6 = 0.2. The MCMC updates are performed in standard
normal space, i.e., with x; ~ N(0,1) and y; = exp(u + ox;) ~ LN (i, 6%).
There is no exact result to compare with, but for large n the sum of

log-normal random variables will approach a normal one, hence the
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Fig. 1. (a) Weight histogram and (b) estimate of failure probability z(G < 1) after
100, 500, ..., 100 000 iterations of an AWH simulation of the log-normal distribution
example. The dotted line in (a) shows the target distribution Nz,.

failure probability will approximately be &(-b) in that limit, where
@ is the standard normal cumulative distribution. The convergence to
a normal distribution is rather slow, however, due to the heavy tails
of the log-normal one. We choose the threshold » = 5, which gives
®(-5) = 2.8665 x 1077, and a moderate n = 50 for which deviations
from normal may be seen. The actual failure probability in this case
was estimated by the AWH simulations to be 1.36 x 10~° after 100 000
function evaluations of G(-). The coefficient of variation of the final
estimate of P(F) was estimated to 0.1 + 0.01 from 200 repetitions of the
simulation. Subset simulations for the same setup also gave 0.1 +0.01.

The AWH simulations used 82 levels 4, € {0,0.1,0.2,...,8.0, 0} and
4 walkers. The MCMC updates of x; at fixed 4,, used proposals ¢(-|x;) =
NHW1- 52x,,52), with 6 = 0.6, which were accepted if G(x) < 4,,.

Fig. 1(a) shows how the weight histogram grows during the sim-
ulation, while (b) shows the corresponding evolution of the failure
probability estimates as function of A. For small number of iterations
the histogram is very skewed and does not cover the whole range of 4,
leading to very poor estimates of z(F;). As soon as the whole range of 1
is covered the failure probability estimates start to become reasonable.
As the simulation goes on the weight histogram eventually converges
towards the target distribution Nz, chosen as in Eq. (9).

4.2. Sum of normal random variables

A useful test case, similar to the previous but amenable to analytical
calculations, can be formulated using a sum of normal random vari-
ables. We consider a limit state function G(x) = b—n"/2¥"_ x;, where
x; ~ N(0,1). Since the sum of normally distributed variables is again
normal the exact failure probability is P(F) = ®(—b). We set n =2 and
b = 6, which gives P(F) ~ 0.9866x 10~°. A single AWH simulation using
100 000 iterations, 4 walkers, and 4 € {0,0.1,0.2,...,8.0,00} resulted
in an estimate P(F) =~ 0.85 x 10~°. To compute errors, we repeated the
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simulation 200 times, which gave a relative root-mean-square (RMS)
deviation from the exact result of 0.21 + 0.01 (using bootstrap to get
the standard error). The coefficient of variation was also estimated to
0.21 £0.01.

For comparison we also ran 200 independent subset simulations,
which resulted in a relative RMS and coefficient of variation both equal
to 0.17 £ 0.01. We can see that both AWH and subset simulation give
good approximations to the exact result in this test case, with similar
errors.

4.3. Parallel system

Another example that is analytically tractable is a system of n
redundant components. Each component can fail independently with
a probability p, and system failure corresponds to all of them failing,
which occurs with a probability P(F) = p". For the concrete realization
of the model, we assume that a component i fails if its capacity C
is exceeded by a random load r;, where the loads have log-normal
distributions LN (0, 1). Thus we set r; = exp(x;), x; ~ N(0,1) and define
the failure domain as ¥ = {r; > C} = {x; > InC}. A continuous limit
state function may be introduced as

G(x)=C- rniin exp(x;). (23)

The exact failure probability is P(F) = (1 - @(InC))". We set C = 1 and
n =20, which gives P(F) =272 ~ 0.954 x 1076,

We study the model using AWH and subset simulations, employing
the same type of MCMC attempts as in Section 4.1. The estimated fail-
ure probability from a single AWH simulation with 100 000 iterations, 4
walkers, and 4 € {0,0.05,...,0.9, 0} was P(F) ~ 0.978x 10~°. Repeating
200 independent simulations gave a relative RMS deviation from the
exact result of 0.26 + 0.014. Subset simulations for the same setup, on
the other hand, gave a relative RMS 0.34 + 0.018.

4.4. Network flow model

This example consists of a network H of nodes connected via
links. Each link has a random capacity to carry a maximal amount
of flow. The capacities are assumed to follow independent log-normal
distributions y; = exp(0.5x;) ~ LN(0,0.52). Failure occurs if the maximal
network flow between a source and a sink exceeds a given threshold b,
giving a limit state function G(x) = b — maxflow H. For concreteness
we study a network of nodes on a 20 x 20 square lattice, see the
inset of Fig. 2, with source and sink nodes indicated by green and
red, respectively. The threshold is set to b = 10. AWH simulations
are performed using M + 1 = 26 levels 4, € {0,0.25,0.5,...,6, 0},
and 4 walkers. The MCMC moves were the same as in the previous
example. The failure probability as function of 4 is shown in Fig. 2, with
the weight histogram after 100000 samples shown in the inset. The
estimated failure probability was 3.5x 10~ in this case. A coefficient of
variation of 0.30 + 0.02 was estimated from 200 independent repetitions
of the simulation. As a comparison, subset simulations gave a value of
0.43 +0.03.

4.5. The fiber bundle model

As a final, more challenging example, we discuss failure in the Fiber
Bundle Model (FBM), studied in Ref. [16]. This model was originally
introduced to describe the strength of textiles, but has since found
use in a wide range of applications, including fracture, wire cables,
earthquakes, and landslides [20-22]. It consists of N elastic strings or
fibers connected in parallel to a common load. The fibers have identical
spring constants k, but break at different random strains x;, which are
independent and identically distributed according to z(x;). When the
load slowly increases from zero to a final value L, the weaker fibers
will break and the stress will be redistributed among the remaining
ones. This can cause additional failures and so on. In fact, for large N
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Fig. 2. Failure probability z(G < 1) for the network flow model as function of threshold
4. The upper left inset shows the network with the source and drain indicated in green
and red. The lower right inset shows the corresponding weight histogram (blue bars)
and target distribution (red). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

the failure of the structure occurs via a series of avalanches or bursts,
which follow a powerlaw distribution on approaching the critical load
L, at which all fibers have snapped. The total force as function of the
extension e is

N
Fe)=Y xel(e < x)). (ely)
i=1

The effect of the indicator function is to include only the intact strings
with extension less than their threshold, ¢ < x;. On average the force
becomes F(e) = E[F(¢)] = Nxe(l — I1(¢)), where I1(-) is the cumulative
distribution of x,. The variance is Var F(e¢) = Nk?e*IT(e)(1 — I(€)).
In the limit N — oo the relative fluctuations around the mean tend
to zero so that the structure almost surely holds for L < L, and fails
for L > L., where L, = max, F(e). For concreteness we set x = 1 and
assume that the thresholds are uniformly distributed, x; ~ U[0, 1). Then
II(x) = x and one finds a maximum force L, = N /4 corresponding to
an extension e, = 1/2.

Failure below the threshold can, for finite N, occur as the result of
a rare fluctuation, and may be described by a limit state function [16]

G(x)=max F(e)— L
€
N
=Km/axx/211(xj§x,)—L4 (25)
i=1

For the MCMC updates at fixed 1 we use simple Metropolis attempts in
which the threshold x; of a randomly selected fiber i is replaced by a
uniform random variate in [0, 1).

Let us first examine the case L = 200 < 250 = L, studied in
Ref. [16]. An AWH simulation with levels 1 € {0, 1, ..., 60, 00} was exe-
cuted for 200 000 iterations, after which the weight histogram appeared
reasonably well converged, and gave an estimate of P(F) ~ 1.7x 10713,
Continuing up to 20 million iterations refined this to 1.4 x 10713

In comparison, subset simulations generally encountered difficulties
for the FBM [16]. Initially, we performed subset simulations with popu-
lation size varying between 1000 and 100 000 samples, using a fraction
po = 0.1 as seeds for subsequent levels. However, they did not converge
unless the number of MCMC updates at each level was increased. With
a 10-fold increase the subset simulations were able to reproduce the
AWH simulation, but only with a much larger number >1000000 of
model evaluations. The low efficiency of the MCMC updates may partly
be blamed for this.
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To compare errors we also study a less demanding case with a larger
load L = 220 and therefore a higher probability of failure. The levels
were chosen as 4 € {0,1,2,...,40,00}. A nearly error-free estimate
P(F) ~ 4.8 % 1079 was obtained from a very long AWH simulation after
50 x 10° iterations, which we use as a reference value in the absence
of an exact calculation. A single shorter AWH simulation using 500 000
iterations gave an estimate P(F) ~ 4.2 x 1076, with the coefficient of
variation and the relative RMS from the reference value both equal to
0.21 £ 0.01, obtained from 200 independent runs.

For subset simulations using a sample population of 10 000, p, =
0.1, and 100 (instead of the standard 1/p, = 10) MCMC updates per
seed and level, the RMS relative error and coefficient of variation
were 1.1 +0.1 from 200 repetitions. The computational effort was the
same in both cases, requiring 500 000 model evaluations of G(-) per
simulation. Thus, for this test case AWH significantly outperformed
subset simulation, with a coefficient of variation five times smaller.

5. Application example: Tunnel
5.1. Case description

We have also applied the AWH method to an illustrative practical
example: the stability of a tunnel excavated in rock. The tunnel is
10 m wide and located at a depth 4 = 300 m below surface. The
rock mass is very weak and of such character that it is not possible
to test with standard procedures in lab, so the rock mass properties
are very uncertain. The applied random variables of the rock mass
(x;) are summarized in Table 1 and introduced in the following. The
conditions are comparable in magnitudes to what Hoek and Brown [23]
describes as “poor quality rock mass under high stress”. All random
variables are for convenience in this illustrative example assumed
independent and log-normal. The behavior of the AWH method is
investigated in three different scenarios, which have been assigned
slightly different properties and coefficients of variation. Following
the same underlying assumptions as in Spross et al.’s [24] detailed
probabilistic design example of a tunnel, the probability distributions
are meant to reflect the epistemic uncertainty in the parameters’ spatial
average. Considering the rock mass to be homogeneous in this manner
is reasonable when the considered rock mass volume is larger than
the Representative Elementary Volume of a fractured rock mass [25],
which we for simplicity assume acceptable in this calculation example.

For the rock mass behavior, the Mohr-Coulomb shear failure cri-
terion is used, as is common in tunnel design. Here it is applied
with peak strength for its input parameter values cohesion ¢, friction
coefficient tan¢, both of which are modeled as random variables.
The rock mass density (2650 kg/m?), dilation angle (2°), and tensile
strength (200 Pa) are assumed deterministic. The in-situ stresses in
the rock mass are caused by tectonic stresses and gravitational stresses
from the overburden. The three principal stresses are assumed directed
horizontally (o, o) and vertically () in relation to the tunnel axis.
The largest horizontal stress o, (in terms of mean value) is assumed to
be oriented perpendicular to the axis of the tunnel. The magnitudes
of the principal stresses are modeled with considerable uncertainty,
as is indicated by major field measurement campaigns, e.g., [26,27]
(even for the vertical stress, which in practice often is estimated to
be 6, = pgh in deterministic analyses). Both horizontal and vertical
stresses are assumed to increase with depth, which is described by a
gradient (o7, a;, o.). The average values of the stress state are assumed
to be in accordance to that of the central parts of Stockholm [26]. The
orientation of the principal stresses is however assumed deterministic.

The rock around the tunnel is reinforced by both bolting and surface
reinforcement, the properties of which are assumed deterministic. The
bolt reinforcement (25 mm) has a spacing of 2 m and is simulated in
the model with an ideal plastic material model, having a yield tensile
capacity of 214 kPa and tensile failure strain of 4.3%. The surface
reinforcement consists of 0.1 m shotcrete, simulated with an elastic
material model, having a Young’s modulus of 16 GPa and Poisson’s
ratio of 0.25.
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Fig. 3. Cross sectional view of used FLAC3D model of the rock mass around the 10m-
wide tunnel.

5.2. Numerical stress analysis models

The numerical stress analysis models were created in Itasca’s
FLAC3D finite difference continuum software [28]. Although run in a
three-dimensional environment, a quasi-3D model was used, utilizing
plane-strain symmetry conditions to reduce computational time. Once a
set of variables were selected using the AWH method, Python was used
to build and run the specific model in FLAC3D. Output from FLAC3D
was then reported back to the AWH algorithm.

The models used in the simulations consisted of a standard tunnel
cross-section geometry (Fig. 3). Zone size near the tunnel was set to
1 m, gradually increasing towards the outer boundaries. The model
thickness (out-of-plane) was 1 m, chosen to make near-square-shaped
zones optimal for stress and plasticity calculations. Roller boundaries
were used on all sides of the model. Models were run in small strain
(i.e., the grid point positions are not physically updated) to allow for
comparison of the presented methodology to Itasca’s built-in factor of
safety methodology during the simulations.

5.3. Applied failure definition

Failure of a rock engineering structure is not easily modeled. Several
different failure definitions have been proposed and used over the last
decades, e.g., [29-33]. A key issue is that failure of the rock mass itself,
i.e., attained failure envelope, does not necessarily equal failure of the
structure, for example represented by block fall or tunnel collapse. To
make the calculated failure probabilities comparable to target failure
probabilities in design codes, a failure definition simulating structural
instability has to be applied. In this paper, failure through instability
was evaluated by studying whether the model reaches equilibrium or
not. In FLAC3D, instability is assessed through the model’s change in
kinetic energy, which is measured by an “unbalanced force ratio” [34].
If the unbalanced force has fallen below a required level, the model is
considered to be in equilibrium (stable); if it has not fallen below this
level or even increases, the model represents instability failure.

For most parameters in the stable domain, the FLAC3D calculations
will converge to an equilibrium within 10 000 iterations. However, for
parameters close to the failure domain the convergence can be much
slower. Therefore, many iterations of the unbalanced force ratio can
be necessary in order not to misclassify stable parameter points as
failed ones. Initially, we considered an unbalanced force ratio above
1075 after 10 000 steps to meet the failure criterion. This, however,
resulted in a rather blurred boundary of the failure domain. Since the
AWH algorithm will concentrate its effort on those borderline cases and
extending the number of iterations by a large amount is costly, an early
exit strategy is employed using the following steps.
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Table 1
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Material parameters. All parameters are assumed to follow log-normal distributions with mean and coefficient of variations

CV given in the table.

Case 1 Case 2 Case 3

Mean cv cv cv
Rock mass properties
Young’s modulus E [Pa] 2 x10° 0.5 0.25 0.25
Poisson ratio v 0.25 0.1 0.1 0.1
Cohesion ¢ [Pa] 05 x10° 0.4 0.4 0.4
Friction coefficient tan ¢ tan33° 0.4 0.4 0.4
In-situ stress conditions
Horizontal stress, perpendicular o, [Pa] 251 x10° 0.2 0.3 15
Gradient of ¢, al [Pa/m] 0.082 x 10° 0.15 0.15 0.25
Horizontal stress, parallel [ [Pa] 113 x10° 0.2 0.3 15
Gradient of o, [ [Pa/m] 0.033 x 100 0.15 0.15 0.25
Vertical stress o‘; [Pa] 6.5 x10° 0.12 0.12 0.5
Gradient of o ol [Pa/m] 0.026 x 10° 0.12 0.12 0.25

First 5000 FLAC3D iterations are performed and if the remaining
unbalanced force is below a threshold 10~5 the structure is classified
as stable. If not, the calculation is extended up to a maximum of 20 000
iterations, while the unbalanced force ratio is checked against the same
threshold every 1000 iterations. If the remaining unbalanced force ratio
is still above the threshold, but decreasing by more than 2% since the
previous check, the calculation is allowed to continue up to a maximum
of 100 000 iterations while checking the unbalanced force ratio every
1000 steps. As soon as a check gives an unbalanced force ratio less than
the threshold the FLAC3D calculation is terminated and the structure
is classified as stable. This procedure avoids many false positives and
resulted in a much clearer boundary between the stable and failed
regions.

5.4. AWH simulations

For given set of input parameters, the FLAC3D model simulation
will determine whether failure occurred or not, according to the failure
definition introduced above. Since failure in this case is described by
a boolean function 1-(-), we use the strategy outlined in Section 3.2,
using a family of distributions of the form in Eq. (16). At this point,
an appropriate parameter A in the base probability distribution z(x|1)
is needed, such that failure becomes increasingly likely for large 4.
This choice may be done in many different ways, but we choose to
implement this using Dawson et al.’s [34] concept of trial safety factors,
which they define in their calculation of the unbalanced force ratio.
In practice, this implies a reduction of the cohesion ¢ and friction
coefficient tan ¢ by a factor

s=exp(4) > 1. (26)

For the implementation it is convenient to be able to map the
variables x; back and forth to standard normal ones z;. Thus, we define

z; ~ N(0,1) 27)

¥i = exp(y; +0;2) ~ LN (t;, 07) (28)

. = yils. i€ [c,t.and)] 29)
¥, otherwise,

where y and o are the location and scale parameters of the lognormal
distribution, which are obtained from the mean m and coefficient of
variation CV listed in Table 1 as y = Inm —¢2/2 and 6% = In(1 + CV?).
The effect of re-scaling by a factor s thus amounts to shifting the
location parameter x by 4 = Ins, resulting in a distribution for the
rescaled parameters (¢ and tan¢) equal to LN(y; — /1,5,.2). Denoting
the base distribution for parameter x; by z;(x;|4) the joint distribution
becomes

P(x, 2) = %ehm 1x € F,) [] 214, (30)

where F,, = F for m < M and F, = Q.

The Monte Carlo updates of x at fixed 4, may be carried out
by mapping x to standard normal space z and propose a new state
zl ~ N(VI —§2z;,6%) for all i. The new state is transformed back
to lognormal space and rescaled, and then accepted, x « x/, if the
failure criterion is met for the new x’. Otherwise, it is rejected, i.e., x
remains in the previous state. The step length 6 may be adapted
during simulation for each level m to give a reasonable acceptance rate,
e.g., 0.234. The restriction 0.2 < 6 < 0.9 is also imposed. The level at
m = M is special in that the failure criterion need not be evaluated, and
the new state can be drawn directly from z(x|4,,) using Egs. (27)—~(29).

The Monte Carlo updates of the level 4, at fixed x in AWH use a
Gibbs sampler, where the new level is selected from all M + 1 possible
values with a probability w,,(x) given in Eqgs. (19). For the specific case
discussed here, where only the distributions of ¢ and tan¢ depend on
A, this simplifies to

1

252

1 I
Wﬂ

if x € F, otherwise w,,(x) = §,, 5;. Here R(x) is a normalization constant
such that , w;(x) = 1.

The selection of levels s,, = exp(4,,) is not very critical, and after a
little experimentation we settled for a sequence s,, € {1,1.1,1.2,1.3,1.4,
1.6,1.8,2,2.1,2.25,2.5,2.75,3,3.5,4,4.5,5,6,7,8,8}. The target distribu-
tion 7, is chosen as in Eq. (9). When converged, the AWH simulations
will provide estimates of the failure probability z(F|s,) also at the
intermediate scale factors s,, > 1. These may be interpreted as the
probability z(s(y) < s,,) that the actual factor of safety s(y) = inf{s >0 :
x(y,s) € F} is smaller than s,,, where x(y, s) refers to the rescaling in
Eq. (29). This interpretation is based on the premise that y € 7 implies
that x(y,s) € F for all s > 1, i.e., that reducing the material strength
cannot increase the stability of the structure.

(Inc+Ay—pe)2— ﬁ(ln tan - —pg)?
» (€19)]

Wy, (x) =

5.5. Results

The AWH simulations were run as described in Section 5.4, using
4 simultaneous walkers. Fig. 4 shows the estimated failure probability
as a function of the rescaling factor s for the three different cases in
Table 1. The number of FLAC3D model runs were 10 000, in each
case. The actual failure occurs at s = 1 in these plots, giving the
failure probability estimates z(F) = 7.2 x 1077,1.6 x 107, and 8.3 x
107, respectively. The insets in Fig. 4 show the accumulated weight
histograms during the AWH simulations, which are not far from the
target distribution (red curves). These are useful to monitor that all s,
get sufficiently sampled.

In Fig. 5 all samples produced by the simulation are shown, pro-
jected to the ¢ — tan¢ plane, as the cohesion ¢ and friction angle ¢
typically are the most important parameters for the stability of tunnel
structures. The red points correspond to failure and the green to the
stable situation being reported from the model run. In case 1 and
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Fig. 4. Probability of failure of the tunnel as function of the scaling factor s. The actual failure corresponds to s = 1. The whole curve may be interpreted as the probability that
the factor of safety is less than s. The insets show the weight histograms. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)

. {b) Case 2 |
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Fig. 5. Model parameters generated by the AWH simulations, projected to the c—tan¢ plane, for the three test cases. Red points correspond to failure and green to stable parameter
values. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

2, the failure boundary is very clear in this projection, with some
deviations visible at low cohesion. Case 3, however, is run with much
more uncertainty in the stress state, and the effect of this is seen as
failures occurring also for larger values of c.

To learn about the relative importance of the material parameters
we may study the sensitivity with respect to variations in their mean
and coefficient of variation. One such sensitivity measure is given by

dlnz(F) & [dlmr(x)|r]

32
dhna dlna 32

where « is the mean or CV. The conditional expectations are evaluated
using Eq. (6), and plotted in Fig. 6. The cohesion and friction coefficient
are the most influential variables, particularly in cases 1 and 2, but in
case 3 the horizontal stress and the Poisson ratio are also becoming im-
portant. This is fully consistent with the shape of the failure boundary
seen in Fig. 5.

6. Concluding remarks

This paper introduced the Accelerated Weight Histogram (AWH)
method for estimation of rare event probabilities, such as small fail-
ure probabilities of structures and other technical systems. The per-
formed computational examples in this paper and our briefer earlier
account [16] illustrate the method’s flexibility in handling efficiently
both non-trivial limit states and very small failure probabilities (<10~0)
in a variety of problems, including both continuous and boolean limit
state descriptions. The boolean formulation, ie. 1» : 2 - {0,1}, is
useful when the explicit formulation of a continuous limit state function
is unavailable. This situation is common for example in large-scale
instability problems in geotechnical engineering, like tunnel collapse or
failure of engineered and natural slopes in soil and rock. In this context,
it is worth pointing out that subset simulations need a continuous limit
state function, though more general sequential Monte Carlo methods
may be used as an alternative.

We have compared AWH with subset simulations for different model
problems of varying complexity. These include sums of normal or log-
normal random variables, parallel systems with redundancy, and the
Fiber Bundle Model with more complicated interactions. We found the
performance of AWH to be comparable or sometimes surpassing subset

Case 1

Case 2

Case 3

L L L L L L L L L

E v c ¢ o, o, o, o0 o, 0o

Fig. 6. Sensitivity of the failure probability to perturbations in the mean and coefficient
of variation. Blue and red bars correspond to —dInz(F)/dInMean and d1nz(F)/dInCV,
respectively. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

simulations. The AWH method performed particularly well on the Fiber
Bundle Model, where many transitions over the parameter range was
necessary to reach convergence, and where the subset simulations
either failed or required many more model evaluations. A possible
explanation for the issues with subset simulation in this test case could
be the low efficiency of the MCMC updates used there, which leads to a
slow decay of time correlations. Efficient MCMC updates of the model
parameters x at fixed 4 are helpful also for AWH, but apparently not
as critical as for subset simulations.

Successful application of the AWH method to a particular problem
relies on finding a good family of intermediate distributions P(x|4;)
bridging the rare failure event to a known reference. This can be done
using a suitable performance function G : 2 — R, when applicable, or
by deforming the probability distributions as in the tunnel example in
Section 5. For complex models this can be nontrivial, since some insight
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into the failure mechanisms of the problem is often required. Analogous
considerations apply to the choice of limit state function G in subset
simulations, where a poor choice can severely hamper the efficiency
and even prevent convergence [14]. AWH may be similarly affected by
a poor choice of G or the family P(x|4,), although it arguably has more
flexibility.

One merit of the AWH method is that problematic cases can be
easily diagnosed by monitoring the weight histogram collected during
the simulation. If the weight histogram is very skewed or far from
the chosen target distribution, this is a clear sign that the sampling
is insufficient. If this happens one can either continue the simulation
further to collect more samples or choose a better suited family of
interpolating distributions.

Future research may be directed to further optimize the target
distribution to speed up the convergence and to combine the AWH
method with surrogate models in order to reduce the number of com-
putationally demanding model runs.
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